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We put forward a fundamental relationship between the normalized spectral density of excess
current noise and the imaginary part of complex conductivity. In the case of metal our expression
enables us to describe reliable experimental data on the excess noise giving nearly 1/f spectrum
and correct temperature dependence of the Hooge factor. In the case of non-Debye conductors such
as semiconductors and ionic glasses it leads to 1/fs (s < 1) for the excess noise spectrum. It is
demonstrated that reactive ”capacitance” effects in electron conductivity are responsible for the
excess current noise. The general relation that we introduce turns out to be a direct consequence
of the continuous time random walk model.
PACS numbers: 72.70.+m; 73.50.Td; 77.22.Gm
Many attempts have been made to explain the ori-
gin of excess current noise with the low-frequency spec-
trum 1/f on the background of direct current in various
conducting materials [2–4]. It is believed to have been
established that 1/f noise is determined by some relax-
ation processes accompanying the movement of carriers
in disordered conductor. For example, in metals electrons
are scattered by relaxing defect structures [5, 6] while in
amorphous semiconductors and ionic glasses relaxation
can be connected with trapping and hopping mechanisms
of conductivity [7, 8].
A broad distribution of relaxation times which usu-
ally have an activation form of dependence upon local
energy barrier heights is very important for obtaining
1/f spectrum [2–4]. On the other hand, such a distri-
bution inevitably leads to the low-frequency dependence
ωs (where 0 < s < 1 and ω = 2pif) of ac conductivity
[8] which is well-known for amorphous semiconductors
and solid electrolytes [9–11]. Therefore, bearing in mind
the common origin for both phenomena, one should ex-
pect the existence of some relation that links together
the spectral density of the excess current noise and the
frequency dependent complex conductivity in disordered
conductors.
As it was stressed [12] for flicker noise there must exist
”... intimate connection with conductivity ... a close
relationship between the forms of the flicker noise and
unsimulated noise...”. Previous attempts to establish it
were called ”untenable” [3].
In the present paper we find this relation with the help
of the well-known continuous time random walk (CTRW)
model [13–15]. Considering direct consequences of the
revealed relation we demonstrate its applicability for the
description of reliable experimental data. This allows one
to make a conclusion that in spite of the model way of
its derivation this relation is of fundamental nature.
Indeed, the CTRW model gives for the normalized ex-
cess current noise spectral density S(ω) the expression
S(ω) =
NSI(ω)
I2
= 4t˜Re
[
ψ˜(iω)
1− ψ˜(iω)
]
, (1)
where SI(ω) is the noise spectral density, I is the average
current, N is the number of carriers, ψ˜(iω) is the Fourier
transform [7] of the waiting-time distribution function
ψ(t) and t˜ =
∫∞
0
tψ(t)dt. The complex conductivity ob-
tained in the CTRW model has the form [7]
σˆ(ω) = σ(0)t˜
iωψ˜(iω)
1− ψ˜(iω) , (2)
where σ(0) is the conductivity at zero frequency (the so-
called dc conductivity). From Eqs.(1) and (2) it imme-
diately follows that
S(ω) =
4
ω
Imσˆ(ω)
σ(0)
. (3)
One may argue that the CTRW model we have used is
oversimplified. However, those consequences from Eq.(3)
that we obtain in the present work enables us to conclude
that it is not restricted by the limitations of the CTRW
model which Eq.(3) has been derived from.
To show this let us apply Eq.(3) to the case of metal
with small concentration cD = nD/na  1 of randomly
distributed point defects, where nD is the number den-
sity of the defects and na is the number density of atoms.
Let each single defect have g states (for example, orien-
tational ones [5, 6]) which are characterized by different
transport cross-sections σi (i = 1, 2 . . . g) of electron scat-
tering on a defect and let the number density of defects
in ith state be ni, so that
g∑
i=1
ni = nD. (4)
Following [6] we assume that transitions between the
states of a defect occur through an energy barrier E0+δE
which contains the random component δE caused by non-
uniform strain fields quenched in the polycrystal. We
take for δE the Gaussian distribution function
P (E) =
1√
2piT∗
exp
[
−
(
δE
2T∗
)2]
, (5)
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2where T∗ is some characteristic temperature for the
quenched disorder [6]. Together with the activation form
of relaxation times τr = τ0 exp[(E0+δE)/T ] Eq.(5) leads
to the log-normal distribution P (τr) of these times.
Let us write down the real part of the complex con-
ductivity for a high frequency (greater than inverse re-
laxation times but less than phonon frequencies). For
this case all defect states can be considered randomly
”quenched” as far as electrons do not ”see” the changes
in defect states. Then following [16]
Re σˆ(∞) =〈[
ρph,e(T ) +
pF
e2
< σ >
nD
ne
+
pF
e2
g∑
i=1
σi
∆ni
ne
]−1〉
,
(6)
where beside the temperature-dependent contribution to
resistivity ρph,e(T ) from phonon- and electron-electron
scattering there appear terms of residual resistivity [16]
and we introduced ∆ni = ni−nD/g; pF is the Fermi mo-
mentum, e is the electron charge, ne = na is the number
density of electrons, < σ >= (
∑g
i=1 σi) /g. For metals
cD ∼ 10−4 [17] is a small expansion parameter so that
having expanded Eq.(6) up to quadratic terms with re-
spect to residual resistivity fluctuations we find
Re σˆ(∞) = 1
ρ(0)
+
p2F
e4ρ(0)3
(∆σ)2cD
(
1− 1
g
)
, (7)
where we denoted ρ(0) = ρph,e(T ) + pF < σ > cD/e
2 -
the total resistivity at ω = 0, and
(∆σ)2 =
1
g
g∑
i=1
σ2i −
1
g(g − 1)
g∑
i6=j=1
σiσj ,
and we used the result of averaging over the random
spatial distribution of defects [6]: < (∆ni/ne)
2 >=
cD(1− 1/g)/g.
Let us make it clear the origin of the difference be-
tween high and low frequency dependence of conductiv-
ity due to defects. For example, if one has a resistor
network then at zero frequency the conductivity is de-
termined by the average resistivity proportional to the
successive sum of local resistivity in each part of the net-
work. Just the quantity which is reciprocal to the average
specific resistivity can be identified with the experimen-
tally observable conductivity of such a system that is
σ(0) = 1/ < ρ > and brackets denote the abovesaid av-
eraging. Meanwhile, the high frequency conductivity is a
”parallel channel” one in nature so that σ(∞) =< 1/ρ >
like in Eq.(6). These two quantities coincide only in the
absence of spatial fluctuations of resistivity in the resis-
tor network. These fluctuations are analogous of a defect
distribution in the case of disordered metal.
Thus for our case at high frequency the increase in
average conductivity is due to regions with low defect
concentration (voids of low resistivity) unlike the dc case
when the high and low resistivity regions sum up succes-
sively. It implies that reactive ”capacitance” effects in
electron conductivity are the origin of the dispersion of
the conductivity leading to the excess noise according to
Eq.(3).
In the case of a distribution of relaxation times the
defects with τr > 1/ω can be considered completely
”quenched” and the defects with τr < 1/ω - completely
relaxed. Let us introduce the fraction X(ω) of de-
fects which can be ”seen” by conduction electrons as
”quenched” in their random states:
X(ω) =
∫ ∞
1/ω
P (τr)dτr.
For high frequency X(ω) = 1 and for low frequency it
turns to zero.
Then we can generalize Eq.(7) for an arbitrary fre-
quency ω
Re σˆ(ω) =
1
ρ(0)
+
p2F
e4ρ(0)3
(∆σ)2cD
(
1− 1
g
)
X(ω), (8)
so that for ω → ∞ Eq.(8) coincides with Eq.(7) and for
ω → 0 it gives Reσ̂(0) = 1/ρ(0) as it should be.
For the log-normal distribution function P (τr) one can
obtain
X(ω) =
1
2
[
1 + erf
(
w√
ν
)]
, (9)
where erf is the error function, w = lnωτr0, τr0 =
τ0 exp(E0/T ) and ν = 4T
2
∗ /T
2 is the fluctuation expo-
nent introduced in [8]. It is important for what follows
that for T∗ ∼ 1000 K [6] and T < 600 K [2] ν  1.
Let us introduce a function
zˆ1(ω) =
1√
piν
∫ ∞
−∞
exp
(−u2/ν)
iωτr0 + exp(u)
du (10)
investigated in [8] and for which in the limit ν  1 there
holds the formula
Im zˆ1(ω) = −e
−w
2
[
1 + erf
(
w√
ν
)]
. (11)
Taking into account Eqs.(9) and (11) one can rewrite
Eq.(8) as
Re σˆ(ω) =
1
ρ(0)
− p
2
F
e4ρ(0)3
(∆σ)2cD
(
1− 1
g
)
ωτr0Im zˆ1(ω) (12)
and after using the Kramers-Kronig relation [18] we have
Im σˆ(ω) =
ωτr0
p2F
e4ρ(0)3
(∆σ)2cD
(
1− 1
g
)
Re zˆ1(ω). (13)
3It is worth noting that although the frequency depen-
dent term in Eq.(12) is negligibly small comparatively to
σ(0) = 1/ρ(0) it is this term that gives all the effect in
Eq.(13). Substituting Eq.(13) in Eq.(3) we finally have
S(ω) =
p2F
e4ρ(0)2
(∆σ)2cD
(
1− 1
g
)
Re
[
τr0√
pi
∫ ∞
−∞
exp
(−u2)
iωτr0 + exp(2T∗u/T )
du
]
. (14)
This equation exactly coincides with the correspond-
ing Eq.(27) from [6] (where Eq.(27) was derived by di-
rect calculation of the temporal correlation function of
resistivity) if one calculates (∆σ)2 taking into account
the orientation modes of defects assumed in [6]. The
important difference between Eq.(14) and Eq.(27) from
[6] is that Eq.(14) is more general as to the assumptions
made about the specific structure of defects. Namely, the
Eq.(27) from [6], in fact, describes the spectral density of
anisotropic current fluctuations only. As far as Eq.(14)
was studied in detail in [6] and was shown to give 1/f
noise spectrum and a very accurate temperature depen-
dence of the Hooge factor for metal we do not repeat
these results here.
The other interesting and non-trivial case where Eq.(3)
can be used is the case of strongly disordered conductors
with a strong frequency dependence of Reσˆ(ω), namely,
amorphous semiconductors and ionic glasses. Here one
should not expect a superposition form of Eq.(14) but
has to use a general approach (e.g. the one developed in
[8] for conductivity of ionic glasses) to calculate σˆ(ω) in
matters with hopping conductivity.
The conductivity σˆ(ω) standing in Eq.(3) can be de-
termined through the complex specific impedance zˆ(ω)
calculated in [8] by the relation
σˆ(ω) =
1
zˆ∗(ω)
− iε∞ω
4pi
=
ε∞
4pi
[
1
τr0zˆ1(ω)
− iω
]
, (15)
where ε∞ is the high-frequency dielectric constant of the
conductor and the complex conjugation was used to al-
ter the sign before iω so that the definitions of Fourier
transforms in Eq.(3) and in [8] are put in accordance. In
Figure 1 we give for illustration the result of computa-
tion of S(ω) obtained according to Eqs.(3) and (15) with
zˆ(ω) taken from Eq.(37) in [8]. The parameters ν = 10
(so that corresponding s = 0.47 according to Eq.(75) of
[8]), ε∞ = 7, and σ(0) = 10−8 Ω−1 cm−1 chosen for the
calculation are close to ordinarily used for ionic glasses.
One can see from log-log scale Fig.1 that there exists the
excess noise spectrum: 1/ωs (certainly, at very high fre-
quencies it gives 1/ω2, not shown). For the parameters
chosen here only the branch of 1/ωs type can be observ-
able in experiment. It is interesting to notice that 1/ωs
spectrum with s < 1 was predicted in [19, 20] where it
was discussed in relation with the non-Debye relaxation
phenomena (see also [21, 22] where s was found to be
1/2). For semiconductors the value of s for ac conduc-
tivity may be very close to unity.
It is useful to note that the tendency of the spectral
density towards ”saturation” in the low-frequency limit
(see Fig. 1) produces convergence of the noise integrated
intensity, so the ”paradox” of the divergence of the mean
square of the fluctuations of a quantity responsible for
the 1/f noise frequently discussed in the literature (see,
for example, the review [4]) does not arise at all.
In conclusion, we have shown that there exists a rela-
tion given by Eq.(3) between the excess noise spectrum
and the complex conductivity. This relation links to-
gether two phenomena previously considered separately,
namely, the excess current noise and the frequency re-
sponse in disordered conductors. In spite of the fact that
this relation has been established with the help of the
CTRW model we claim that it is fundamental and there
are some weighty reasons to find its proof on the basis of
general physical principles. We believe that our relation
breaks ”... a long tradition of models being proposed
that are forgotten after a short time.” (see [19] where
these words of F.N. Hooge were cited) .
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FIG. 1: The noise spectrum of a disordered ionic conductor.
Parameters are given in text.
